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An Elementary Explanation of the Flutter Mechanism
with Active Feedback Controls

Hidetsugu Horikawa* and Earl H. Dowellt
Princeton University, Princeton, N.J.

An elementary explanation of wing flutter suppression problems with active feedack control is made using a
standard root locus technique. The object of the study is to obtain insight into the control of converging
frequency flutter such as the classical bending-torsion flutter of a wing. The model analyzed is a two-
dimensional, typical section airfoil with pure gain feedback of the main wing motion. In this simple system,
stability boundary solutions are expressed in a closed form and valuable information is obtained for various
kinds of feedback signals. The results for an exploratory example are discussed. The analysis of this example
using Nissim's energy method is also attempted.

Nomenclature
b =semichord, ft
CL = lift curve slope of the wing
CL& = control surface effectiveness
/ = moment of inertia about c.m. =Mr2 ( l b f - f t - s 2 )
Kj = bending spring constant, Ibf • ft ~ ]

K2 = torsion spring constant, Ibf - f t
Ki2>K2i = static structural coupling terms, rad • sec ~ 2

kA = aerodynamic feedback parameter
(qSbxpCLa)/I,s-2

ky = parameter'of bending displacement feedback
ky = parameter of bending acceleration feedback
ka — parameter of torsion displacement feedback
k# = parameter of torsion acceleration feedback
L = aerodynamic l i f t force, Ibf
M = mass of wing, Ibf - f t ~ ' .s2

Ma = aerodynamic moment, Ibf • ft
q = dynamic pressure Vi pV2, Ibf • ft ~ 2

r = radius of gyration about c.m., ft
S = plan area of typical section, f t 2

s = Laplace transform variable
V =air speed, ft -s "'
xe = nondimensional location of elastic axis from c.m.
xp — nondimensional location of aerodynamic center

of the wing from c.m.
xd -nondimensional location of aerodynamic center

of the control surface from c.m.
Xpt = (Xp-Xd)/Xp

xbe =(x6-xe)/xd
y = nondimensional bending displacement
a. = torsion displacement, rad
w/ = uncoupled bending frequency, rad • s '
w2 = uncoupled torsion frequency, rad • s ~l

<»i = = -(Krbx,-bxe)/I
u2

0 =u>2
/(Xp-xe)/Xp

I. Introduction

THE concept of a CCV (Control Configured Vehicle) has
stimulated the study of active feedback control of wing
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flutter in recent years.1 Most of the effort has emphasized the
study of an ad hoc problem, whereas only a few works have
considered the fundamental aspects of this problem. These ad
hoc studies have given rise to various conclusions depending
on the system configuration studied. The general trend of the
system behavior, however, has been obscured by this type of
approach. It is of great importance to obtain physical insight
into this complex problem. As a step toward more basic
understanding of the effects of various feedback systems,
earlier concepts of an elementary explanation of the con-
ventional flutter mechanism2"4 are extended here to include an
active flutter suppression system.5 The present study in-
troduces the application of a parameter design technique
using the root locus method6 to active flutter control
problems of a wing. If a simplified active feedback loop is
added to a two-dimensional typical section model, the
classical root locus technique for a two-gain problem is ap-
plicable. Feedback gains of the system are an aerodynamic
parameter kA, and various active feedback gains £, relating
the wing motion to the control surface deflection. For a
conventional flutter analysis without any active feedback
control, the problem is reduced to a one-gain k ^ problem as
previously studied in Refs. 2-4.

The proposed feedback loop is a pure gain feedback of wing
motion into a trailing-edge flap deflection. Sensed motions of
the wing are bending displacement, bending acceleration at
the center of mass, torsion displacement, or torsion ac-
celeration. Assuming that the inertial dynamics of the control
surface itself is negligible in this case, the number of degrees
of freedom of motion of the system can be kept to two, i.e.,
heaving and rotation of the main wing. Thus, the charac-
teristic polynomial becomes of fourth order and biquadratic.
This simplified formulation can show flut ter speed trends in
concise analytical form.

Another approach applied is Nissium's energy concept.7-8

As a result, several questions concerning this method arise in
the identification of a suitable control system.

II. Typical Section Model with Active
Feedback Controls

The simplest bending-torsion f lut ter model is selected in
order to use the standard root locus technique for analyzing
system stabili ty and obtain quali tat ive insight into the f lu t te r
suppression system.

The damping terms in the structure and aerodynamics, and
hereditary and vir tual mass terms in the aerodynamics, are
neglected in this converging frequency f lut ter analysis. This
assumption is based on the accumulated experience of
theoretical and experimental analyses.2-3 Omitting the inertia
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and damping effects of the trailing-edge control surface and
assuming a pure gain feedback from the sensed motion of the
main wing to the control surface, the characteristic
polynomial becomes of fourth order and biquadratic. The
wing model is shown in Fig. 1. The origin of the coordinate
system is located at the center of mass of the model to avoid
inertia coupling of the wing and obtain a simple expression in
the highest-order coefficient of the characteristic polynomial.

The equations of motion in bending and torsion are derived
as follows

]b(y-xea)=L

2oi-K}bxeb(y-xea) =Ma

(la)

(Ib)

For the aerodynamic operator, static aerodynamic theory is
used. Thus the aerodynamic forces and moments on the right
hand side of Eqs. (1) are assumed to be proportional to a
geometrical angle of attack of the wing or the control surface,
i.e.,

Ma=- qSbxPCLa a - qSbxd CLg 6

No formal restriction on the dependence of the aerodynamic
coefficients on Mach number is made.

The equations of motion [Eqs. (1)] can be rewritten in the
form:

y + u]y- \A (2a)

(2b)

where

b2x2
eK,+K2

——————————

K2I = - kA=-
qSbx.C,

The control surface deflection 6 is actuated by four dif-
ferent feedback rules in this study.

Fig. 1 Typical section airfoil with control surface actuated by active
feedback control.

Bending Displacement Feedback
In this case d is proportional to the bending motion of the

wing, d = Kyby. By using this, the Laplace trasformed
characteristic equation of Eqs. (2) reads

where
xp xe

Oj ——————Xp
XP~X5

In order to study the effect of the aerodynamics and the
active feedback control on the system stability by the root
locus method, the aerodynamic and feedback control
operators must be separated from the structural parameters of
the system as follows:

(w } | - K]2K2I ) + kA (s2

(3)

Bending Acceleration Feedback
Using the same procedure except d = K^by, the following

form is obtained for this configuration:

(4)

K,

where

k-CLttLk> cLabXp

Torsion Displacement Feedback

s4+ (u2+u2
2)s2+(u2,u2

2-Kl2K21)+kA(s2 +u2
0)

+ kAka(s2+u2xde)=0 (5)

where

C, X*
k = *'

Torsion Acceleration Feedback

S4+( \ +kA (s2 +coo)
(6)

jtu

Fig. 2 Basic pole-/ero constellation (from Kef. 4).
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where

** = •
Velocity signal feedback of bending and torsion is known to
be ineffective in this simplified system and was not at-
tempted.5

III. Parametric Stability Analysis
The characteristic polynomial of Eq. (3) can be written in a

form amenable to the root locus method:

= l + K(N/D)=l-kykA

+u2
}u2

2-KI2K2]+kA (s2 = 0
(7)

The denominator of G was discussed in Ref. 4 in some detail.
A more precise and exact discussion will be carried out here
for clarity. This denominator D is also reduced to the
following form

= 0 (8)

The four poles of this transfer function Gd represent
physically the undamped structurally coupled frequencies of
the bending-torsion model. Due to the symmetry of the pole-
zero constellation of the transfer function, one can identify
four different pole-zero topologies as indicated in Ref. 4 (see
Fig. 2). In general, the aerodynamic parameter kA can assume
both positive and negative values. The resulting eight stability
patterns exhaust all possible parameter variations.

If several different control devices are added to those
patterns, many more configurations can occur. Since our
interest is in the suppression of flutter, the configurations
which have the most practical combinations of center of mass,
elastic axis, and center of the pressure and which induce
flutter phenomena are selected for further study including
active feedback control. In this paper the center of pressure

PARAMETER
CONDITION

ROOT LOCUS FREQUENCY
CHARACTERISTICS

FLUTTER FLUTTER

K, xp x p xp xp

Fig. 3 Aeroelastic behavior of bending torsion model wi th
aerodynamic parameter change (system pole locus).

and the elastic axis exist in front of the center of mass (xe and
xp <0). The bending mode frequency is lower than the torsion
one. The probable root loci of Eq. (8) for this configuration
are shown in Fig. 3. These loci indicate the location of the
poles of Eq. (7) for a certain fixed aerodynamic gain kA.

The location of zeros of Eq. (7) is obtained by

= 0 (9)

where xps, u2
d>Q, kA<0 for the configuration studied. The

locus of zeros for kA is as in Fig. 4.
For a certain fixed aerodynamic parameter kA, charac-

teristic roots of the system move from poles which are located
somewhere on the pole loci in Fig. 3 to zeros located
somewhere on the zero loci in Fig. 4, as the active feedback
gain ky varies. The solution sought is the one which stabilizes
flutter by the introduction of various types of feedback
control configurations.

Because the characteristic polynomials of Eqs. (3-6) are
biquadratic, the system is at most marginally stable and can
be investigated by using s = s2 as in Ref. 2. The imaginary axis
in the s plane which gives marginal stability is mapped into the
negative real axis in the complex s plane. The positive real axis
in the s plane corresponds to the real axis in the s plane. The
stability of the system is evaluated by the departure of the root
square locus from the negative real axis in the s plane. If the
locus departs from this axis into the complex plane, flutter
occurs. When the locus penetrates the origin from the negative
to positive real axis in the s plane, the system undergoes
divergence.

Substitution of s = s2 into Eq. (3) gives

(10)

Now a simple technique for evaluating stability of the system
is available. The analytical condition for a breakaway
(departure) point from the negative real axis gives the flutter
boundary. First, for the conventional flutter boundary
without any active feedback (ky = 0), Eq. (10) is rewritten

1
(11)

The square of the f lut ter frequency is given by the negative
real root of d ( \ / k A ) / d s = 0 (breakaway condition). When
these roots are substituted back into Eq. (11), the con-

= K

g. 4 System /ero locus for bending displacement feedback.
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ventional flutter boundary is given by

(12)

The positive real root s of the breakaway condition is not the
stability boundary, but the transition from flutter to
divergence.

For the stability boundary of the system with bending
displacement feedback loop, Eq. (10) is rewritten

— =k
kv ~ A s2+As + B (13)

where

= <J>2
1(J>2

2-KI2K21+kAu2
0

If one takes d(\/ky) /ds = Q, the condition for the breakaway
points is s2 + 2Cs + AC-B = 0. Putting the solution of this
equation into Eq. (13), the flutter appears as

kyF={(A-2C)±2^/C2+B-AC}/kA (14)

Using the same procedure, one can obtain the flutter boun-
daries for the bending acceleration, torsion displacement, and
torsion acceleration feedback systems.

Bending Acceleration Feedback Flutter Boundary

s2 +AS+B
(15)

where s is the negative root of (A-C)s2 + 2Bs + BC = 0.

Torsion Displacement Feedback Flutter Boundary

(16)

where D = u]xbe.

Torsion Acceleration Feedback Flutter Boundary

s2+As + B
kA(s2+Ds)

(17)

where s is the negative root of (A-D)s2 + 2Bs + BD = Q.
A divergence boundary does not appear in this breakaway

point condition for the root square locus. This is obtained by
the direct inspection of the constant term of the characteristic
polynomial. A sign change for this term indicates the
divergence boundary. The divergence boundaries for the
various feedback configurations are as follows.

Bending Displacement Feedback Divergence Boundary

(18)

Bending Acceleration Feedback Divergence Boundary

kAD = ( ̂  ]w2
2 ~ K12K21 ) /u2

0 (from origin)

kAD = l/ky (from inf ini ty)

Torsion Displacement Feedback Divergence Boundary

ka[)=-(B/kAD)

(19)

(20)

Torsion Acceleration Feedback Divergence Boundary

kAD- (u2
]u2

2-KI2K2I)/u2
0 (from origin)

kAD = — llk& (from infinity) (21)

IV. Exploratory Example
In order to elaborate upon the preceding results

numerically, the following model is used

w y =5( rad - s - 1 ) , xm=0,

Xp=-0.5, xd=0.8, r= = 0.577 (ft)

The center of mass is located at the midchord. The center of
the pressure of the wing is at a quarter chord from the leading
edge. The center of pressure of the trailing-edge control
surface is assumed to be at 90% chord from the leading edge
of the wing. As one of the reviewers has pointed out, the use
of the quarter chord for the wing center of pressure and 90%
chord for control surface c.p may appear somewhat in-
consistent, the former being more representative of subsonic
flow and the latter of supersonic flow. This choice of
parameter should not be of quantitative importance in the
final results, however. These values of wing and control
center of pressures are representative of the transonic Mach
number regime where the local flow over the airfoil is sub-
sonic near the leading edge and then becomes supersonic near
the trailing edge. The location of the elastic axis is a parameter
in the range of - 1 <xe <0 which means the elastic axis moves
between the leading edge and the midchord point.

The flutter boundary without any active feedback control is
shown in Fig. 5. Flutter instability always occurs for — 1
<xe<0. If the elastic axis is located behind the center of
mass, then only divergence is possible.

The results for the stability boundaries with various active
feedback loops are shown in Figs. 6-9. Figure 6 shows the
results for the bending displacement feedback system. There
are generally four unstable regions, i.e., two for flutter, two
for divergence. At xe = - 1.0, where the elastic axis is at the
leading edge, there is a narrow stable region between two
flutter boundaries which makes it difficult to penetrate into

100

DIVERGENCE

C.G.

Fig. 5 Critical gain vs location of elastic axis.
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(b)xe=-0.5

(c) xe=0

Fig. 6 Stability boundaries of bending displacement feedback
system.
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Fig. 7 Stability boundaries of bending acceleration feedback system.

the higher stable region. As the elastic axis goes back toward
the center of mass, the narrow stable throat is widened. But,
in these cases, the divergence boundaries come down further
(Figs. 6b and 6c). As a result, not much improvement can be
expected using bending displacement feedback.

Figure 7 is the result for the bending acceleration feedback
control. The most interesting feature of this configuration is
that the flutter boundary without any feedback control is
raised as / c v , ( > 0 ) is increased, but its improvement is
restricted to a certain limited amount. This ceiling on the
flutter boundary is explained as follows. The two zeros of Eq.
(7) move as the aerodynamic parameter increases as in Fig. 4.
At a certain aerodynamic parameter, these zeros migrate from
the imaginary to the real axis through the origin. In the ac-
celeration feedback system, two more zeros are already on the
origin of the 5" plane. Near this aerodynamic parameter, A:,,,
four zeros are very close to each other. It requires high
feedback gain k^, to stabilize the system when two zeros are
close to the origin on the imaginary axis (Fig. 8a). After they
are transposed onto the real axis there is no way of stabilizing
the system. For this reason, the aerodynamic parameter which
locates two zeros on the origin gives rise to a maximum f lu t ter
aerodynamic parameter kA max . This is obtained as

Another interesting feature in the acceleration feedback
system is that divergence emerges from positive i n f i n i t y on the
real axis of s plane due to the loss of the leading inertia term in
the characteristic polynomial ( k v <0 in Fig. 7).

Using torsion signal feedback (Figs. 9 and 10) the stabil i ty
boundaries are simpler compared to the bending signal
feedback cases. In the bending signal feedback, there are

generally two flutter regions. Since the radicand of Eq. (14) is
quadratic in kA, two positive regions of this radicand can exist
which give rise to meaningful kv. For torsion feedback, on the
other hand, there exists only one flutter boundary. In this
case, the radicand of Eq. (16) is linear in kA, and there is only
one positive region of this radicand. This is a consequence of
the absence of aerodynamic parameter kA in D of Eq. (16).
The two zeros in the torsion feedback do not move at all when
kA varies.

The aerodynamic coupling term from the motion of the
main wing is induced only by its torsion motion in this model.
The active feedback of torsion motion will reduce the unstable
effect of these aerodynamics. On the contrary, pure bending
motion of the wing without an active feedback system does
not induce any aerodynamic force on this model. Bending
signal feedback to the trailing-edge control surface, however,
induces torsion motion to the main wing because of the arm
length between the elastic axis and the center of the pressure
of the control surface. In this case, excessive bending feed-
back gain may more easily lead this system into instabili ty.

V. Application of Aerodynamic Energy Method
In this section Nissim's energy concept7 '8 is applied to the

two-dimensional, typical section model. During f lu t ter ,
energy must be transferred from the fluid surroundings into
the s t ructural system. This statement may be put in another
way; namely, a necessary and sufficient condition for f lut ter
prevention is the circumstance that all conceivable, allowable
oscillatory motions will require positive work to be done by
the model on the surroundings. Let

[h] =[by,a], row vector of displacements
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Fig. 8 Ceiling of flutter boundary (k}, is the feedback gain).
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Fig. 9 Stability boundaries of torsion displacement feedback system.

[X] = [ V, M] T, column vector of forces per unit length
which the system exerts on its surroundings; at
flutter {^1=0. The components of {X} are ob-
tained by transferring the right-hand sides in Eq. (1)
into the left-hand sides.

(22a)

(22b)

= Mby ^Ktby- K, bxea - qSCLa a -

L OL + qSbxb CL& d

The rate at which the system does work on its surroundings is

In a harmonic motion, only the real parts of [h] and [X]
need be considered. If this approach is used to analyze the
bending displacement feedback system, the components of
( X] are obtained as follows.

[ S ] + q S [ A ] + q S K v [ C ] ) l h ]

where

[M] = mass matrix

[S] = stiffness matrix =

M

0

K,

-K,bxe

qS [A ] = aerodynamic matrix = qS

q S K v [ C ] = control matrix - qSKv

The real parts of ( h } and j X } are given by

Re[h] = l/2iw[h0]ei»3l-l/2iw[h7)]e-iu"

bxPC,

, « 1
\6 0 J

(23a)

^ )*-''"" (23b)

where * denotes the complex conjugate. The rate of work,
i.e., power, is

W=P=Re[ti}Re[X]

/CO

4 °
[S] +qS[A] +qSKv[C]

(24)
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\\j
a) VKAMAX b)
Fig. 10 Stability boundaries of torsion acceleration feedback system.

Hence, the work H^done per cycle by the structural system on
its surroundings can be found by integrating Eq. (24) between

Thus,

- _ /7T

/7T

(S]+qS[A]+qSKy[C] )(h*0]

-— [h*0} ( -u2 [M] + [S] + q S [ A ] + qSKy(C]

Since this equation is a scalar equation, the first expression on
the right-hand side of this equation can be transposed to
obtain

[h*0}[iqS([A}T-[A})+iqSKy([C}T-[C]){h0]

= — qSCLa(h*0][H][h0} (25)

The conservative force matrices [M] and [S] disappear after
integration of W through one cycle. The matrix [H] is
generally a Hermitian matrix and its eigenvalues are real
numbers.

Now the eigenvalues and eigenvectors of the Hermitian
matrix [H] are extracted from Eq. (25)

(26)

The vector [h()) is represented in terms of the eigenvectors of
Eq. (26), that is,

(27)

where [QK] and [Q/] are square matrices whose columns are
the real and imaginary parts of the eigenvectors of Eq. (26)
and ( £ # + / £ / ! are the associated generalized coordinates of

All the eigenvalue and eigenvector solutions of Eq. (26) can
be expressed in the form

Postmultiplying this equation by { £ / ? + / £ / } and
premultiplying it by [h*0] or [£*-/£,] [Q^-iQj] yields

(28)

By using Eq. (28), Win Eq. (25) is reduced to the form

(29)

As shown in Eq. (29) the energy input per cycle into the
surroundings has thus been reduced to a quadratic form in
terms of the generalized coordinates. The sign of W, which is
the work done by the system on its surroundings per cycle of
oscillation, is of importance in the determination of stability.
If IV is positive, then flutter of the system is not possible. If
all Vj's are positive, then the work is positive irrespective of
the response of the system, and the system stability will be
always guaranteed. This requirement is a sufficient, but not
necessary, condition for stability, since the value of W^can be
positive even though some of the v, may be negative.

Nissim has proposed that a system which has a larger *>min
is a more stable system.7 This approach has been modified
recently by the introduction of the "relaxed energy
requirements,"8 namely, *>min = near maximum value (may be
negative) and *>max > I vm-m I . This relaxed requirement is due
to the consideration that the variation of a maximum
eigenvalue pmax may dominate that of a minimum eigenvalue
vm-m in some cases.

This energy approach is now applied to Eq. (25). The
eigenvalues of [H] are

(30)

It is d i f f icul t to evaluate the effect of active feedback gain on
this system by using Nissim's method since j>m a x = I i>m i n I .
Moreover, in this example, the real part of the Hermit ian
matrix is zero. The eigenvalues of this matrix always have a
counterpart of opposite sign, i.e., ±.vlt = h * > , , etc., since the
imaginary part of the Hermitian matrix is a skew symmetric
matr ix . Thus, one can obtain no informat ion about the ef-
fectiveness of this control configuration from the eigenvalues
in Eq. (30). The importance of the skew symmetric matr ix was
discussed by Duncan9 and Crisp.10 It is this matr ix which
causes the energy transfer in any converging frequency-type
f lut ter of which bending-torsion f lu t te r is a classical example.
In addition, the differences in the s tabi l i ty boundaries among
Figs. 6a, 6b and 6c do not show up in Eq. (30). This is clearly
due to the lack of inert ia and s t ructural s t i ffness terms in the
[H] matrix. The /s in Eq. (30) do not include any iner t ia or
s t ruc tura l parameters. Hence, the effect of the elastic axis
location, which is a crucial s t ruc tura l property of the wing, on
system s tabi l i ty is not detected in th i s energy approach.

The energy method fails to predict the behavior of the
f lu t t e r suppression system in th i s part icular model. The basic
l imi ta t ion of th is approach is in the hypothesis that s t ab i l i ty or
the degree of s tab i l i ty of the system can be evaluated simply
by examining the eigenvalues in the quadratic form of the
work W. In this quadratic form, however, once some of the
eigenvalue of [H] are negative, the modal cont r ibut ion to the
work H7becomes equally impor tan t .

I t should be said tha t for single-degree-of-freedom f l u t t e r
due to negative aerodynamic damping, one would expect
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energy methods to be more successful. Real flutter problems
are not easily categorized as pure bending-torsion flutter or
single-degree-of-freedom flutter. However, the present
discussion should serve as a guide as to when energy methods
may be useful.

VI. Conclusions
Several interesting conclusions can be drawn.
1) When the flutter is suppressed by decreasing the

frequency of a first bending mode branch, bending ac-
celeration feedback can give rise to a ceiling on the flutter
boundary even if the feedback gain k$ is increased to infinity.
More generally, when the system zeros are transposed from
the imaginary to the real axis, a ceiling on the flutter boun-
dary is induced by the use of acceleration feedback.

2) A torsion feedback system results in a simpler stability
boundary.

3) In the acceleration feedback system, divergence from
positive infinity on the real axis of the s plane can occur due to
the loss of the leading inertia term in the characteristic
polynomial.

4) Zero location of the transfer function is important as
indicated in Ref. 11. Not only do zeros show the root
locations as gain approaches infinity, they also can be a
measure of system behavior.

5) Several questions concerning the utility of Nissim's
energy method arise in the identification of a suitable control
system for the elementary typical section model studied here.

VII. Applicability and Limitation
of the Model

The problem formulation of this simple model imposes no
limitations on the flight envelope. Compressibility effects
may be accounted for by introducing values of C^, ^Ld» an^
aerodynamic centers appropriate to the flight environment.
The discussion presented herein, however, holds only for the
simplified flutter model under investigation. When higher-
frequency modes participate in the motion, response of the
control surface and neglected aerodynamic damping terms
will become more important as well as phase shifts in the
feedback system. For example, if there is any phase shift in
the feedback control laws the system will generally be un-
stable. To compensate for any anticipated phase shif t , a
sufficient amount of structural damping will be required to

maintain system stability. The neglect of feedback control
phase shifts and structural damping is consistent with the
neglect of unsteady aerodynamic effects in the present
elementary explanation of the bending-torsion flutter
mechanism.

Conclusions as to the aeroelastic behavior of an actively
controlled practical wing have to be reached with extreme
care. Nevertheless the present study should be helpful in
interpreting the results from more realistic and complicated
analytical models.
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